DYNAMIC PRICING AND IMPERFECT COMMON KNOWLEDGE
SUPPLEMENTARY MATERIAL

KRISTOFFER P. NIMARK

APPENDIX A. THE OPTIMAL RESET PRICE

Firm j resetting its price in period ¢t maximizes
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Substituting (2) into (1) and taking derivatives w.r.t P;(j) gives the first order condition
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Rearranging and simplifying yields
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and simplify

oo

pi(j) = (1= B0) Ex(j Z " (pyi +meeri(5)) (8)
1=0

APPENDIX B. DERIVING A FORWARD LOOKING PHILLIPS CURVE WITH IMPERFECT
CoMMON KNOWLEDGE

Let the price level follow
pe = Opi—1+ (1 —0)p; (9)
where p} is the average price chosen by firms resetting their price in period t. The optimal
price of firm j is a discounted sum of firm j’s current and future nominal marginal costs
given by

pi(j) = (1= B0) Eu(j) > (B0 " (pesi +meeri(5)) (10)
1=0
Rewrite as
p; (4) = (1= B0) Ee(j) (pe + mee (7)) + E(5)80pi11 () (11)

To set the optimal price, firm j need to form an estimate of the price level. Substitute (9)
into (11) to get

pi(j) = (1 = B0) Eu(j) ([0pr—1 + (1 = 0)p;] + mei (7)) + Eu(§)B0pis1(5) (12)
where the average reset price p; is
p; = (1= B9) By (pr + mer) + EoS0py (13)

where

/E | I,(j (14)

Repeated substitution of (13) and (9) into (12) yields
pi(5) = (1—06)E(j)((Ope—1 + (15)
(1—0)(1—56) E(0pi—1 +
(1—0)(1—B6) Ey (Opi—1 + (1 — 0)p; +mcy)
+E30p;, 1 + mey) + Etﬂapfﬂ) +meq (7))
+E:(5)B0pi1 ()

Continued substitution and averaging across firms yields

o0

pro= (=080 ((1-p0)1—0) mef® + (16)
k=0
(1-p9)0 *(k41)
I +9/6’Z (1= po)(1—0)) p; %,

Substitute (16) into (9) to get

o= (1-0)1-080)3 ((1-p0)1-0)" mcf" + (17)
k=0
(1-6)(1— )0 = (k1)
(0 T g ) e =068 3 (- a0 -0 i
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First, note that

(9+ (1-0)(1 —p0)0 ) _ 00 =((1-0)1-50)))+06(1 —0)(1 — 56)
1—((1-0)(1 - p50)) 1= ((1=0)(1—p0))

1
T 1+5-63 (18)
then add mpt and subtract mpt_l and p; to/from both sides to get
1 = _
m(?t—ppﬂ = 1—ﬁ9k2=:1 (1— 66)(1—8)* " me™ +
+(1+ﬂ 96‘1>“ 1
(1-9) 062 (1= 801 —0)* p 1Y
k=0
Divide through by m
(pe—pi-1) = (1=0)(1—=30)> (1+B8—08)((1 - B8)(1 - 6) me"
k=0
+(1—1-5+p80)p (20)
+(1-0)083 (1 + 8- 68) (1 - AO)(1— 0)" p;tD
k=0
simplify and add and subtract
BO—1)(1—(1=80)(1—0) Y ((1—BO)1—0)" pf*™
k=0
and use that 60 ((1+ 5 —608)) =1—(1—080)(1 — 0) to get
T o= W(l—u—ﬁe 1-0) > ((1—60)(1 - 6))* " mef™
k=1
+ (0 —1) Bp (21)

1— 60)(1— 0))" pr D
)(

1-80)(1

+B(1—8)(1—(1—BO)(1—

)1 -0) 3 ((

k=0

80— 1)(1—(1-p0)(1-8) > (( —0)* p Y
k=0

—B(0—1) (1= (1—B0)(1—0) By ((1—p0)(1—0)* pi**"

Mg

k=0

Inflation can now be rewritten as a function of higher order expectations of current marginal
cost and inflation plus an error term that is a sum of the discrepancies of the higher order
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beliefs of the price level and the actual price level

(1-0)(1 - 56) S

o= e (L= (1= 80)(1 - 0) D (1= A0) (1~ 6))" mey”
k=0
LB (- B0 8) S (1 38)(1 - 0))" T (22)
k=0
(0 -1)8 pe— (1—(1—p0)(1-0) > ((1-B0)(1—0))" pi"™Y
k=0

where we used

Opr + (1= 0)Ewpi g —pe = (0 —1)pr + (1 = 0)Evpiq = Evmia

Substitute
Dt = Pg—1 + Ty (23)
into (22) to get
mo= %;_69)(1—@—&9 ky;o (1 - 60)(1 - 0))* me®

+6(1—(1-86)(1-0)) ];) (1= p0)(1 - 0)* miii (24)

+(0 = 1) Bl(Ops—1 + Om¢) —

(1= (1= 30)(1-60) > (1-80)(1 - 0))" (1" +mFV)).

k=0

Collect all terms with actual period t inflation on the left hand side and use that the lagged
price level is common knowledge

(1—(0-1)p)m = (25)

(1-6)(1 - 56) S .
f( —(1-p00)(1-0)) ];) ((1—B0)(1 ))kmct
+6(1-(1-p0)(1—-6 i (1-p6)(1 — ))kﬂt(f_—ﬁlt)
k=0
—-0-1)p|(1-(1-p80)(1-0)) Z ((1—B6)(1 — 9>)k7rt(k:+1) .
k=0

Divide both sides with (1 — (8 — 1) 8) and simplify to get

mo= (1-p0)1-0)Y ((1-60)(1 —6))" mef” (26)
k=0
+5oz (1—p0)(1—0)" miit

k=0
oo

+08(1—0) > (1 - o)1 - 0)" m"+Y

k=0
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Common knowledge of rationality implies than any order [ of average expectaions of current
inflation can be written as

= (1-p0)(1 i (1—80)(1 - 0))" mc™ (27)
k=l
£003°((1— o)1 — 0))" mt D
k=l
+08(1-0) i (1 - B0)(1 - 0)F af*+
k=l

which implies that the hierarchy of current inflation expectations (including actual current
inflation) can be written as

1 —65(1-6) - —605(1—6) (1 6)(1 — 6))™
0 1 —0B(1—6)
: ' (0:00) (28)
: 1 —03(1—0)
0 0 0 1
(1-p0)(1-0) (1-p0)(1-0) (1=p0)(1—0)>
0 (1-p0)(1-0) (1-7p0)(1-06)°
N . . mcgo:oo)
: o (1-80)1-0)?
0 0 (1-p6)(1-06)
86 BO(1 — 58)(1—6) BO(1 — BO)(1 — 0)>
0 36 B6(1 — B6)(1— 6)
| t(-l&-loo|t)
: BO(1 — BO)(1 — 0)
0 0 50

Pre-multiplying the right hand side of (28) with the inverse of the matrix on the left hand
side and picking out the first row gives the desired form of the Phillips curve

o= (1—860)(1-0) 3 (1= 0)kmel® (29)
k=l

k (k+1)
+ﬁ92 1- gl

APPENDIX C. BOUNDED VARIANCE OF HIGHER ORDER EXPECTATIONS

Common knowledge of rational expectation imply that the unconditional variance of
expectations is not increasing as the order of expectation increases, i.e.

B |aif)al)] = B ol Vel (30)
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Any two orders of expectation obey the identity

k k+1 k+1
ri =g et (31)
where egkﬂ) is defined as the k + 1 order expectation error. The variance of the left hand

side of (31) must equal the variance of the right hand side

E [afif?xim - B [mg‘kt-i-l)xg‘kjl)} B [egkﬂ)egkﬂ)} L 9E [mi‘kt—&-l)egk-i-l)}

The proof follows from the fact that variances are non-negative

E [egkﬂ)egkﬂ)} >0 (32)
and that the covariance between the estimate and the error must be zero
k+1) (k+1
E ol el ] 0. (33)

That the covariance between the estimate and the error is zero is implied by rationality.
If the covariance was not zero, a better estimate filktﬂ) could be found by subtracting the

projection of the error on the estimate from the estimate

E {x(k+1)e(lc+1)

~(k+1) _ (k+1) t[t t } (k+1)

e (ht 1) _(kd1)] Ctlt
E {xm tt }
so if 2571 is an optimal estimate of xg‘kt), then (33) must hold.

t|t
APPENDIX D. THE VARIANCE OF AVERAGE MARGINAL COST

The economy-wide average marginal cost is given by

mer = (v + @)yt + M (34)
or equivalently
mep = dxi?tzoo) + [ lixo O ] xil()tm) + € (35)

Define the new state Z; as

Zt: x

ékw (36)

tlt
then Z; follows
0 e/ V¢
Zt:[M:|Zt1+|:]\?;:| Mt
€t
The unconditional variance of Z;, 3., , is given by the solution of the discrete Lyaponov

equation
0 o] e ey 1
o= |2 L ]+ [ R ][0 @

2
me)

02.=[[0 d]+[0 1ixa 0]4+e]2.[[0 d]+[0 Lixe 0]+¢] (39)

since

which implies that the unconditional variance of average marginal cost, o is given by

me,=[[0 d]+[0 12 0]+€]2 (39)



