
ECONOMETRIC METHODS II: TIME SERIES

MIDTERM JUNE 23 2009

There are 4 questions. Everybody should answer Question 1. Choose two questions from
Questions 2 - 4 so that you answer three questions in total. Each answered question is worth
a maximum of 10pts. You have 2 hours.

Question 1

Consider the VARMA(2,2) model

yt = Φ1yt−1 + Φ2yt−2 + εt + Ψ1εt−1

E (εtε
′
t) = s · I

where yt is an (n× 1) vector, s is scalar and I is the identity matrix.
a) Find the state space representation

Xt = AXt−1 + Cut

Zt = DXt + vt

E (utu
′
t) = I

E (vtv
′
t) = Σvv

with the vector of observables Zt = yt.
b) Find an operational expression for the unconditional variance of yt based on the state

space matrices A,C,D and Σvv.
c) Find the impulse response function

∂yt+s

∂ε1t

as a function ofA,C andD where ε1t is the first element in the vector εt =
[
ε1t ε2t · · · εnt

]′
.

Consider the structural VAR

A0yt = A1yt−1 + A2yt−2 + ut

E (utu
′
t) = I

where yt is a an (n× 1) vector.
d) Find the reduced form and show how it can be estimated.
e) If n = 4, how many restrictions do you need to identify A0?
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2 ECONOMETRIC METHODS II

Question 2 Cointegration

a) Define stationarity.
b) For the system

y1t = γy2t + u1t

y2t = y2t−1 + u2t

show that the y1 and y2 are cointegrated (u1t and u2t are white noise processes). Find a
cointegrating vector that is not

[
1 −γ

]
.

c) For the system above, show how and why OLS can be used to consistently estimate the
parameter γ.

d) The variables yt in (1) can be represented as a VAR(3)

yt=Φ1yt−1+Φ2yt−2+Φ3yt−3+εt (0.1)

and are cointegrated. Find the Vector Error Correction (VECM) representation of yt.
e) Explain intuitively why a VAR in a finite number of lagged first differences is misspec-

ified if the variables are cointegrated.

Question 3 The Kalman filter

Consider the scalar state space system

xt = ρxt + ut

zt = dxt + vt[
ut

vt

]
∼ N

(
0,

[
σ2

u 0
0 σ2

v

])
x0|0 = x0

E (x0 − x0)
2 = p0|0

a) Find the Kalman gain kt such that xt|t given by

xt|t = ρxt−1|t−1 + kt

[
zt − ρxt−1|t−1

]
is the linear minimum variance estimate of xt conditional on x0 and the history of zt up to

period t. Denote the prior uncertainty pt|t−1 ≡ E
(
xt|t−1 − xt

)2
.

b) What is kt if σ2
v = 0? Interpret.

c) What is kt if σ2
u =∞? Interpret.

d) What is kt if d = 0? Interpret.
e) For arbitrary p0|0, d and σ2

v ,what are the upper and lower bounds of pt|t−1 ?Why?

Question 4 Numerical Maximization

(1) Consider the model

yt = ρyt−1 + ut (0.2)

ut ∼ N(0, σ2
u)
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(a) For the AR(1) model (2), what are the parameters that we can estimate using
maximum likelihood, i.e. what is the parameter vector that we often denote θ?

(b) Describe the steepest ascent method to find the MLE θ̂.

(c) Describe the grid search method to find the MLE θ̂

(d) Describe a simulated annealing algorithm that can be used to find the MLE θ̂
(e) What are the advantages and disadvantages of simulated annealing, relative to

grid search and steepest ascent methods?


