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KRISTOFFER P. NIMARK

This first set of notes briefly covers some background material that most are likely to have

encountered before, perhaps in a first year macro or econometrics course. The purpose of

these notes is to establish a bit of terminology and notation as well as to (re-) introduce some

basic tools that are useful for modeling stochastic economies. Most of the material can be

found in the Chapter 2 of Ljungqvist and Sargent (2004) and/or the Appendix of Anderson

and Moore (1979).

1. Stochastic processes

We will use {Xt}∞t=0 : Xt ∈ Rn to denote a discrete time vector valued random process.

Depending on context, the notation Xt will either denote the random process at time t, or

a particular realisation of the random process at time t.

1.1. Uncorrelated, Orthogonal and Independent processes. Two stochastic processes

{Xt} and {Yt} are:

Uncorrelated if E[XtY
′
t ] = E[Xt]E[Y ′

t ] ∀ t.

Orthogonal if E[XtY
′
t ] = 0 ∀ t.

Independent if pX|Y (X | Y ) = pX(X) where pX|Y is the probability density function of X

conditional on Y .

1.2. Markov property. A stochastic process is said to have the Markov property if pXt+1|Xt (Xt+1 | Xt) =

pXt+1|Xt,Xt−1,...,X0 (Xt+1 | Xt, Xt−1, ..., X0) . Loosely speaking, a process is a Markov process if

the present is sufficient to optimally predict the future. A related concept is the “state” of
1
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the process: The state (or position) of a process completely summarizes all currently avail-

able information about future values of the process. If the state of a process can be defined

in a time invariant way, the process can usually be redefined so that the redefined process

is a Markov process, for instance by augmenting the current vector to also include lagged

values of itself.

1.3. Stationarity. A stochastic process is said to be stationary if the distribution of the

process is independent of time. A weaker requirement is that the process is covariance

stationary, or wide sense stationary, which only requires the first two moments (i.e. the

mean and the covariance) of the process to be (finite and) independent of time. For Gaussian

processes stationarity and covariance stationarity are equivalent since Gaussian processes are

completely characterised by their means and covariances. Formally, we call a process {Xt}

covariance stationarity if the conditions

E [Xt] = µX ∀ t (1.1)

E [XtX
′
t] < ∞ ∀ t (1.2)

E [Xt − µX ] [Xt+s − µX ]′ = E [Xt+j − µX ] [Xt+s+j − µX ]′ ∀ t, j (1.3)

are satisfied.

1.4. Gaussian Vector Processes. A Gaussian n dimensional vector process X ∼ N (µX , ΣXX)

has the probability density

pX(X) =
1

(2π)n/2

1

|ΣXX |1/2
exp

[
−1

2
(X − µX) Σ−1

XX (X − µX)′
]

(1.4)

The sum of two independent Gaussian processes X ∼ N (µX , ΣXX) and Y ∼ N (µY , ΣY Y )

are distributed as N (µX + µY , ΣXX + ΣY Y ) . If X and Y are jointly Gaussian processes X

Y

 ∼ N

 µX

µY

 ,

 ΣXX ΣXY

ΣY X ΣY Y

 (1.5)
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The conditional density pX|Y is Gaussian with mean µX +ΣXY Σ−1
Y Y (Y − µy) and covariance

ΣXX − ΣXY Σ−1
Y Y ΣY X .

2. Linear Stochastic Difference Equations

One of the most useful tools for modeling stochastic economies is the first order linear

stochastic difference equation

Xt = AXt−1 + Cut (2.1)

where Xt is an n × 1 vector of random variables, ut is an m × 1 vector of i.i.d. shocks

with unit variance, i.e. E
[
utu

′
t+s

]
= I if s = 0 and 0 otherwise. A and C are (n × n and

n × m, respectively) coefficient matrices. We will restrict our attention to processes where

the eigenvalues of A all lie inside the unit circle so that (2.1) is a stable process. That the

process is a first order vector autoregression is not very restrictive as it is straightforward to

transform a higher order process to a first order process.

2.0.1. Examples: A VAR(p)

yt = A1yt−1 + A2yt−2 + ....Apyt−p + C0ut (2.2)

can be re-written as
yt

yt−1

...

yt−p+1


=


A1 A2 · · · Ap

I 0 0 0

0
. . . 0

...

0 0 I 0




yt−1

yt−2

...

yt−p


+


C0

0

...

0


ut (2.3)

which is in the form (2.1) if Xt =
[

yt yt−1 · · · yt−p+1

]′
and C =

[
C0 0 · · · 0

]′
.

Similarly, an vector ARMA(1,2) process

yt = A1yt−1 + C0ut + C1ut−1 + C2ut−2 (2.4)
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can be rewritten as 
yt

ut

ut−1

 =


A1 C1 C2

0 0 0

0 I 0




yt−1

ut−1

ut−2

 +


C

I

0

ut (2.5)

2.1. Prediction and discounted geometric sums. The process (2.1) can be used to

make predictions of future values of Xt using that

E [Xt+s | Xt] = AsXt (2.6)

Sometimes we might be interested in computing the discounted sum of all future expected

values of a vector of variables

E

[
∞∑

s=0

βsXt+s | Xt

]
= Xt + βAXt + β2A2Xt + ... + βnAnXt : n →∞ (2.7)

There is a trick to computing infinite sums like (2.7): Start by subtracting all the terms on

the right hand side except Xt from both sides to get

E

[
∞∑

s=0

βsXt+s | Xt

]
−

(
βAXt + β2A2Xt + ... + βnAnXt : n →∞

)
= Xt (2.8)

which equals

(I − βA) E

[
∞∑

s=0

βsXt+s | Xt

]
= Xt (2.9)

since

(
βAXt + β2A2Xt + ... + βnAnXt

)
= βA

(
Xt + βAXt + β2A2Xt + ... + βnAnXt

)
(2.10)

= βAE

[
∞∑

s=0

βsXt+s | Xt

]
(2.11)
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Pre-multiplying both sides by (I − βA)−1

E

[
∞∑

s=0

βsXt+s | Xt

]
= (I − βA)−1 Xt (2.12)

gives the sum as function of the current state Xt.

2.2. Autocovariance function. The autocovariance function ΓX(s) of a stochastic process

{Xt} is defined as

ΓX(s) ≡ E [Xt − µX ] [Xt+s − µX ]′

To compute the covariance of a process, it is usually helpful to rewrite the process as a sum

of orthogonal components. The variance of the process can then be computed by summing

over the variances of the orthogonal components. The variance of the VAR(1) (2.1) can be

decomposed into orthogonal components by noting that a VAR process like (2.1) has an

infinite order moving average representation

Xt = Cut + ACut−1 + A2Cut−2 + ... + A∞Cut−n : n →∞ (2.13)

where the terms on the right hand side are orthogonal (by the assumption that E
[
utu

′
t+s

]
= I

if s = 0 and 0 otherwise). The covariance of Xt

ΓX(0) ≡ ΣXX ≡ E [Xt − µX ] [Xt − µX ]′ (2.14)

is then given by

ΣXX = CC ′ + ACC ′A′ + A2CC ′A2′ + ... + AnCC ′An′ : n →∞ (2.15)

which is again a very long formula. It can be simplified if we pre-multiply both sides of

(2.15) with A and post-multiply by A′ to get

AΣXXA′ = ACC ′A′ + A2CC ′A2′ + ... + AnCC ′An′ : n →∞ (2.16)
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Substitute AΣXXA′ into (2.15) to get the much neater formula

ΣXX = AΣXXA′ + CC ′ (2.17)

The solution to (2.17) can be computed by iterating on

ΣXX,s+1 = AΣXX,sA
′ + CC ′ (2.18)

starting from ΣXX,0 = 0. The solution of (2.17) can be used to compute the autocovariance

function also for s 6= 0 using that

ΓX(s) = AsΣXX (2.19)

2.3. Linear functions of Xt. If Zt is a vector of random variables

Zt = a + DXt (2.20)

µZ = a + DµX (2.21)

E [Zt − µz] [Zt − µz]
′ = DΣXXD′ (2.22)

E

[
∞∑

s=0

βsZt+s | Xt

]
= D (I − βA)−1 Xt + D (I − βA)−1 µX + (1− β)−1 a (2.23)

3. Some useful results and definitions from linear algebra

3.1. Orthogonal vectors. Two vectors x, y ∈ Rn are said to be orthogonal if their inner

product 〈x, y〉 is zero. For linear vector spaces in Rn the inner product is defined as

〈x, y〉 ≡ x′y ≡
n∑

i=0

xiyi (3.1)

x′y is sometimes called the scalar product or the dot product of x and y.

3.2. Orthogonal subspaces. Two subspaces X and Y are said to be orthogonal if for any

x ∈ X and y ∈ Y we have that x′y = 0.
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3.3. Projections. Let yi, xi ∈ Rn. A linear projection of Y =
[

y1 y2 · · · ym

]
on X

=
[

x1 x2 · · · xj

]
is given by X (X ′X)−1 X ′Y. The matrix Px = X (X ′X)−1 X ′ is a

projection matrix if and only if it has the following two properties

P 2 = P (3.2)

P = P ′ (3.3)

That P 2 = P follows from that P projects any conformable matrix onto the closest point in

the column space of X. The column space of a matrix X is (as the name suggests...) the

space spanned by the columns of X and is denoted R(X). Since PY is already in R(X),

applying P to PY returns the same point in R(X) since the point closest to PY in R(X)

is PY itself.

That P is symmetric is easily seen by recognising that (ABC)′ = C ′B′A′ and that (X ′X)−1

is symmetric.

The projection error ε = Y − X (X ′X)−1 X ′Y is orthogonal to X ′ so that X ′ε = 0. The

matrix (I−P ) is also a projection matrix and projects any matrix Z ∈ Rnonto the orthogonal

complement to R(X). If X is invertible, then R(X) spans all of Rn and P = I.

3.4. Eigenvalues. An eigenvalue λi and associated eigenvector xi 6= 0 of a square matrix A

solves the equation

(A− λiI) xi = 0 (3.4)

3.5. The power of a matrix. If the matrix A is diagonalizable, that is, if it can be written

in the form

A = SΛS−1 (3.5)
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where Λ is a diagonal matrix with the eigenvalues of A on the main diagonal the columns of

S are the associated eigenvectors, then

Aj = SΛjS−1 (3.6)

or

Aj = S


λj

1 0 0

0
. . . 0

0 0 λj
n

S−1 (3.7)

This generalises to j < 0 and we can also use the eigenvalue-eigenvector decomposition to

compute the geometric sum
∞∑

j=0

Aj = S (I − Λ)−1 S−1 (3.8)

or

∞∑
j=0

Aj = S


1

1−λ1
0 0

0
. . . 0

0 0 1
1−λn

S−1 (3.9)

3.6. Positive semidefinite matrices. A matrix A is said to be positive definite if for any

vector x 6= 0 we have that

xAx ≥ 0 (3.10)

Covariance matrices are positive semidefinite.


